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This work describes an unreported instability found out by numerical simulations on a solid rocket motor. A

simple motor with a cylindrical port is considered and predicted to be stable by single-phase computational fluid

dynamics computations. When aluminum combustion is modeled, the motor experiences a strong instability on the

first longitudinal acoustic mode. However, no vortex shedding is observed, meaning that it is a genuine combustion

instability. A detailed numerical study leads to the conclusion that the instability is thermoacoustic and results froma

coupling between chamber acoustics and aluminum combustion heat release. A parametric study points out the

importance of aluminum distributed combustion, particularly the thickness of the combustion zone and the

aluminum heat of reaction. Theoretical assessment of this instability is also obtained by revisiting the acoustic

balance theory. Anadditional thermoacoustic stability integral is derived andappears to be a driving term.This term

also helps to shed light on this instability and explains some of the computationalfluid dynamics results. In particular,

the underlyingmechanism is found to beprimarily causedby the acoustic boundary layerwhich creates high acoustic

velocities that enhance heat release from burning aluminum particles.

Nomenclature

a = sound velocity
B = Spalding number [Eq. (5)]
Cd = drag coefficient
CP = specific heat at constant pressure
D = particle diameter
E = total energy
ecomb = thickness of aluminum combustion zone
ex = axial direction unit vector
F = acoustic boundary-layer term [Eq. (B6)]
Fd = drag force vector
f = frequency
H = transfer function [Eq. (A9)]
i =

�������
�1
p

k = wave number (��=L)
L = motor length
Lv = latent heat of vaporization
Le = Lewis number
m = propellant mass rate
Np = number of particles per unit volume
Nu = Nusselt number
Pr = Prandtl number
p = pressure
Q = heat of reaction per unit mass
Qv = convective heat transfer
q = heat release rate
R = port radius
Re = Reynolds number
r = radial position (r� 0 at centerline)
S = Strouhal number (�!R=vinj)
S = source term vector
St = Stokes number (�!�d)

T = temperature or period
tc = droplet combustion time
U = velocity vector
�u; v� = axial and radial velocities
W = conservative variable vector
x = axial position
� = growth rate
�p = particle volume fraction
�PC = particle combustion growth rate [Eq. (12)]
� = specific heat ratio
�U = relative velocity vector (�Up � Ug)
" = nondimensional distance to surface (�1 � r=R)
"comb = nondimensional thickness (�ecomb=R)
� = amplitude of pressure perturbation
� = particle mass loading (��p�p=�g)
	 = gas thermal conductivity

 = dynamic viscosity
� = viscous parameter [Eq. (B3)]
� = density
�d = particle dynamic relaxation time
�d;s = Stokes particle dynamic relaxation time (��pD2=18
)
�t = particle thermal relaxation time (�3=2PrCP;p=CP;g�d)
 = pressure spatial mode shape
! = pulsation (�2�f)
_! = mass release rate for aluminum combustion

Subscripts

comb = combustion
g = gas phase
inj = injection conditions (�at propellant surface)
p = particle phase
res = oxide residue (�alumina)
sat = saturation conditions
t = nozzle throat conditions

I. Introduction

A NUMBER of large solid rocket motors, includingAriane 5 [1],
the space shuttle [2], or the Titan family [3,4], are reported to

exhibit instabilities during operation. Those instabilities become
apparent as thrust oscillations that involve vibrations detrimental to
carrying a load. Following Culick [5], the chief mechanisms for
combustion instabilities in solid rockets are the propellant
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combustion (pressure coupling and velocity coupling) and the
hydrodynamic instabilities (vortex sheddings). For large motors,
however, active research during the past years showed that
instabilities are generally dominated by a coupling between chamber
acoustics (mostly axial modes) and hydrodynamic instability. The
latter arises from vortex shedding stemming either from unstable
shear layers (caused by an obstacle, such as a protruding inhibitor
[3,4,6,7], or by specific grain shapes [8]), or surface instability [9].
This instability, so-called surface vortex shedding or parietal vortex
shedding (PVS), has been supported by experimental [10,11],
numerical [9,12], or analytical theories [13,14], and has occurred to
be a powerful source of instability in large solid rockets.

Although aluminum combustion is widely studied, its eventual
participation to instability in solid rockets using aluminized
propellants has not been considered so far. Actually, little notice has
been taken of its potential role on motor stability probably because
generally instabilities can be satisfactorily explained by other
mechanisms, especially propellant combustion and vortex shedding.
However, Culick [5] proposed that distributed combustion of
aluminum could possibly play a role on stability, but he states that
there is no unambiguous evidence that combustion within the
volume contributes significantly as a cause of combustion
instabilities. Similarly, Kuentzmann [15] stressed that distributed
combustion is known to drive instabilities in liquid rockets [16] and
this could also stand for aluminum in solid rockets. Indeed, recent
work fromDupays andVuillot [17,18] theoretically proved thatmass
release from a cloud of vaporizing droplets could drive acoustic
waves.

As far as the authors know, the only extensive works on that issue
remain the ones from Raun and Beckstead [19] and Brooks and
Beckstead [20]. They studied the effect of aluminum distributed
combustion in a Rijke burner and proved that aluminum combustion
can drive instability, based on both experimental and theoretical
grounds. Yet, they concluded that amplification is mainly due to the
change in gas axial temperature profile which causes the location of
the velocity antinodes to shift relative to the Rijke burner flame and
thereby induce an increase in theflame response. This conclusion can
clearly not be extrapolated to solid rocket motors because gas axial
temperature is rather constant in the chamber and propellant flame is
virtually a surface process. Therefore, the problem of instability
driven by aluminum combustion is still open in solid rocket motors
and even at the present time, Culick [5] states that no calculations
exist assessing quantitatively the possible contribution of particle
combustion to linear stability of solid rocket motors.

This view is on theway to being reconsidered, at least numerically.
The maturity of computational fluid dynamics (CFD) andmodels for
solid propulsion makes it possible for a detailed numerical
description of motor internal aerodynamics. The present work
intends to demonstrate that aluminum combustion does indeed drive
instability, by considering two-phase flow numerical simulations on
a test motor configuration. Some theoretical grounds, using classical
linear stability, also favor a destabilizing contribution of aluminum
distributed combustion on solid rocket motor stability.

II. Numerical Modeling

A. Governing Equations

Compressible Navier–Stokes equations are solved with perfect
gas law. As for two-phase flow, a two-way coupling Eulerian model
is used. The particle phase is supposed dilute (volume fraction
�p � 1), monodisperse (i.e., a single class of injected particles), and
assumed to be spherical. The equation reads

@
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W denotes the conservative variable vector, F the flux vector, and
S the source term vector. Subscript g (respectively, p) stands for the
gas phase (respectively, particle phase). Expressions forWg and Fg
are classical compressible Navier–Stokes equations for the gas phase
and are not recalled here. Conservation imposes that Sg ��Sp.

For particles, the equations read as
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where �p is the particle material density (assumed constant), �p the
particle volume fraction, Up the particle velocity vector, Ep the
particle total energy, andNp the number of particles per unit volume.
Note that the equation onNp is a simple transport equation as neither
coalescence nor breakup is considered.

The particle diameter D is not explicitly tracked and is computed
via

D�
�
6�p
�Np

�
1=3

(3)

Aluminum combustion is supposed to follow a classicalD2 law so
that the expression for its mass release rate _! is, under unit Lewis
assumption:

_!� 2�



Pr
NpD ln �1� B� �1� 0:3Re1=2p Pr1=3	 (4)

with 
 the dynamic viscosity, Pr the Prandtl number, and B the
Spalding number given by

B�
CP;g�Tg � Tp� �Q

Lv
(5)

with CP;g the gas specific heat, T the temperature, Q the heat of
reaction (per unit mass), and Lv the latent heat of vaporization. This
simple model assumes that the gas released is identical to the
surrounding gas. Moreover, it is supposed that aluminum
combustion takes place through individual droplets and is not
affected by group combustion.

The bracketed term in Eq. (4) is the classical Ranz–Marshall
correlation [21] that accounts for convective effects on mass rate. In
that expression, the Reynolds number Rep is based on particle
diameter and relative velocity:

Rep �
�gk�UkD



with �U 
 Up � Ug (6)

However, as soon as the particle diameter has decreased until a
user-prescribed diameter Dres, the combustion is stopped ( _!� 0)
and the particle is now supposed nonreacting: its diameter will
remain at D�Dres. The purpose is to account for the physical
existence of a nonvanishing inert alumina (Al2O3) residue.

The drag force vector Fd, with the Clift correlation [22] for the
drag coefficient Cd, reads

F d ��
1

8
�D2Np

Cd
1� B�gk�Uk � �U

Cd �max

�
0:44;

24�1� 0:15Re0:687p �
Rep

� (7)

As for heat transfer, particles are supposed isothermal and only
convection is accounted for (no radiative transfer). If the particle is
nonreacting (i.e., is an alumina residue), the convective heat term is

Qv � �	gDNuNp�Tg � Tp� Nu� 2� 0:6Re1=2p Pr1=3 (8)

with the correlation for the Nusselt number taken from [23].
If the particle burns, we classically have the energy balance

Qv � _!Lv, meaning that all convective heat received is used for
feeding evaporation. In that case, this former relation inserted in the
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source term of the particle energy equation of Eq. (2) leads to
Tp � const, which is expected because of constant temperature
during phase change. This constant is taken to the saturation
temperature of aluminum Tsat.

This modeling, although simple, has been successfully used for
instability predictions in actual solid rocket motors [8,24,25].

B. Numerical Method

Compressible Navier–Stokes equations are solved using the CPS
in-house code [26]. This code adopts a finite volume technique on
unstructured mesh. Conservative variables are calculated at the
center of each computational cell whereas convective fluxes are
computed at cell edges using an approximate Riemann solver (Roe
scheme) for the gas phase and a donor-cell-type scheme for the
particle phase. An operator splitting is used for source terms when
using explicit time stepping: first, conservative variables Wn are
updated without source terms to an intermediate state W� for time
step �t. Then, the differential equation dW=dt� S is solved from
W� to final state Wn�1.

Presented computations are second order accurate in space
(MUSCL approach) and second order accurate in time using explicit
two-step Runge–Kutta time stepping. All computations are
performed in 2-D axisymmetric formulation. The time step is given
by a Courant–Friedrichs–Lewy (CFL) criterion set to CFL� 0:8.

C. Model Motor and Computational Domain

Figure 1 shows the physical model examined herein, a large solid
rocket motor with simple cylindrical geometry. The port radius is
chosen at R� 0:5 m and the grain of length L� 7 m ends with a
nozzle with a throat of radius Rt � 0:175 m located by xt � 7:3 m.
Only the upper half is treated due to symmetry around centerline
r� 0.

The computational grid consists of 42,000 quads with about
500 
 80 points in the axial and radial directions, respectively, for the
cylindrical part. The grid is clustered near the burning surface to
resolve the aluminum distributed combustion. A posteriori analysis
of computations shows that about 20 grid points lie in the combustion
zone. The smallest grid spacing at the propellant surface is about
1 mm. Grid convergence has been checked by running computations
on a 100,000 grid points mesh and no significant differences have
been noted.

Gas and aluminum particle properties chosen have been compiled
in Table 1. Physical data concerning particles are typical of burning
aluminum and are taken from [17].

Turbulence is not explicitly modeled in the present computations.
This is justified here because the motor is rather short, with
L=R� 14. Indeed, it is generally accepted [27,28] that the laminar/
turbulent transition is observed beyond x=R� 20, so that a laminar
flow is maintained throughout the whole motor in our case.

D. Boundary Conditions

No-slip conditions are used for wall modeling (head-end and
nozzle). Flow symmetry is assumed at the centerline. Propellant
burning ismodeled by an injection boundary conditionwith imposed
mass rate (normal to the surface) and stagnation temperature for gas
and particles. Boundary conditions are summarized in Table 2 and
detailed hereafter.

For an actual propellant, aluminum particles are largely altered by
an agglomeration process taking place at a burning surface. As a
general rule, unagglomerated aluminum particles are small so that

theywill burn very close to the surface, leading to submicron alumina
residue smoke. On the other hand, aluminum agglomerates are far
bigger and lead to a distributed combustion which can no longer be
assumed to be a surface process (recalling that the combustion time is
roughly proportional to D2).

According to the experimental results from Duterque [29] on a
typical propellant loaded with 18% aluminum, one-third of this
aluminum is liable to agglomerate, yielding particles with average
diameter about 120 
m. The combustion of those agglomerates then
leads to oxide residues of sizeDres � 60 
m that will no longer burn.

As present two-phase computations are only single class,we chose
to focus on that agglomerated fraction of particles because they will
involve significant distributed combustion. From the aforemen-
tioned Duterque results, we then impose �inj � 0:06. The remaining
unagglomerated fraction is supposed to burn on the surface and, from
a computational view, is lumpedwith the gas injection. Therefore, an
equivalent injection gas temperatureTg;inj must be calculated, using a
simple energy andmass conservation, in such a way that equilibrium
flame temperature Tf for the initial propellant considered is
recovered in the core flow (with Tf set to 3600K in the present case).
In all forthcoming computations, we systematically check that Tg �
Tf (within a few Kelvin) in the chamber once particles have
completely burned.

Particles are supposed to be injected from the propellant surface
while burning (hence Tp;inj � Tsat) and in dynamic equilibrium with
gas (i.e.,Up;inj � Ug;inj). All the boundary conditions (aswell asDres)
are recalled in Table 2.

III. Simulation Results

A. Results on Model Motor

First, single-phase (only gas) computations are performed.
Thermodynamic properties and injection boundary conditions (mass
rate and injection temperature) are chosen in such a way that both
single- and two-phase results are equivalent (in terms of pressure or
sound velocity) and can be compared.

The simulation predicts the motor to be completely stable. Of
course, this is anticipated because no propellant response is
accounted for (constant mass rate assumed) and no vortex shedding
is expected due to the simple geometry (no obstacles, no cavities, and
L=R� 14 is too small for a PVS to develop). Computed head-end
pressure is p� 8:71 MPa. Slight perturbations are added to the
meanflow to get pressure disturbances, the spectral analysis ofwhich
allows one to estimate the first axial acoustic mode frequency f1L.
We get f1L � 76 Hz, which is not far from the usual closed-pipe
approximation a=2L� 76:6 Hz with a� 1073 m=s. Two-phase
simulations with particles supposed inert (no combustion accounted
for) lead to similar stable results.

Fig. 1 Schematic diagram of test case.

Table 1 Gas and particle properties used


 9:1 
 10�5 kg=m=s
Pr 0.4
� 1.16
CP;p 1177 J=kg=K
CP;g 2000 J=kg=K
�p 2000 kg=m3

Q 9:53 
 106 J=kg
Lv 10:8 
 106 J=kg
Tsat 2791 K

Table 2 Injection boundary conditions

mg;inj 23 kg=m2=s
Tg;inj 3450 K
mp;inj 1:47 kg=m2=s
Tp;inj 2791 K
Dinj 120 
m
Dres 60 
m
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Surprisingly, the motor experiences an unstable behavior on the
first axial acoustic mode when aluminum combustion is taken into
accounted. A striking feature is that no vortex sheddings are noticed,
meaning that a genuine combustion instability is taking place.
Usually, combustion instabilities in solid rocket motors are reported
to arise from a solid propellant response (and not from aluminum)
and are either on bulk mode (L� instability) or on high-frequency
transverse modes. To the authors’ knowledge, this kind of instability
has not been simulated in a solid rocket motor configuration so far.

Figure 2 displays the head-end pressure signal and its spectrum.
Pressure clearly denotes an unstable behavior with quasi-harmonic
character and rms pressure fluctuations calculated to about 19 kPa (0
to peak). Average pressure is about 8.71 MPa, identical to single-
phase results as expected. The pressure spectrum confirms that the
instability takes placemostly on thefirst axialmode 1Lwith very few
harmonics, as 2L or 3L modes are hardly visible. The dominant
frequency is calculated to be f� 71:5� = � 0:5 Hz. Note that this
frequency is the instability frequency, which can slightly differ from
the acoustic frequency (obviously not too much for a coupling with
acoustics to occur).

Figure 3 shows an instantaneous map of vorticity in the aft part
of the motor. Coherent structures, typical of vortex shedding,
are missing and only the “zebras,” characteristic of the acous-
tic boundary layer [30], are being observed. As previously told,
it is checked that in the core flow (once aluminum combustion
is completed), expected values are obtained (particularly gas
temperature Tg � 3600 K and particle diameter D�
Dres � 60 
m).

B. Thermoacoustic Nature of Instability

We now demonstrate that this instability is of a thermoacoustic
nature and results from a coupling between acoustics and aluminum
combustion. The effect of heat release on motor stability can be
investigated using the well-known Rayleigh citerion [31], which
determines the conditions for driving or suppressing flow
oscillations when thermal energy is added (or subtracted)
periodically to (or from) the acoustic field. It can be estimated by

calculating the Rayleigh parameter p0q0, which is the time-averaged
product between pressure and heat release fluctuations over one
period. The exact expression for q0 due to burning aluminum
particles is obtained by considering two-phase conservation
equations and recasting them in terms of a fluctuating pressure
equation. Details are given in Appendix and it is found that q0 �
�� � 1��CP;pTsat �Q� _!0 [Eq. (A3)].

Figure 4 shows the contours of Rayleigh criterion for the first
acoustic mode as well as its axial distribution inside the combustion
zone, very close to the surface (r=R� 0:99). For the sake of clarity,
the radial direction has been stretched by a factor of 10 in Fig. 4a for
making the combustion zonemore visible. Obviously, it is noted that

p0q0 � 0 outside the combustion zone because there is no longer heat

release due to combustion. Values of p0q0 are positive (solid lines) in
the first half of the motor indicating a potential to drive unsteady
motions, while negative (dashed lines) in the second half. More
precisely, the shape of the axial distribution of the Rayleigh
parameter inside the combustion zone is close to a sine wave as
shown in Fig. 4b. The presence of the no-slip wall at x� L is seen to
slightly perturb this distribution. The theoretical developments in
Sec. V will explain this sine-wave shape.

Following Rayleigh [31], the global system is liable to be unstable
if the following inequality is fulfilled:

Z
V

Z
T

p0q0dVdt�
Z
V

p0q0dV > 0 (9)

Integrating p0q0 on the motor volume leads to an overall positive
value: this proves that the motor might possibly experience an
instability via thermoacoustic coupling. This is consistent with
Fig. 4b where the positive part seems to give a larger contribution
than its negative counterpart.

We propose another numerical experience to confirm the
thermoacoustic nature of this instability. In the computation,
aluminum combustion mass release rate _! is now prescribed to
remain at a constant value (taken as its time-averaged value) for each
computational cell. Thus, this imposes neither mass release
fluctuations ( _!0 � 0) nor heat release fluctuations [q0 � 0 using
Eq. (A3)]. When running the computation, it is observed that the
instability damps until a stable regime, although the mean flow
remains unmodified. This demonstrates that the instability is driven
by aluminum combustion.

Likewise, let us consider the expression for mass rate _! [Eq. (4)]
and similarly impose a constant (time-averaged) value to one of the

Fig. 2 Head-end pressure: a) history and b) spectrum.

Fig. 3 Instantaneous vorticity contours (aft part).

Fig. 4 Rayleigh parameter p0q0: a) contours in the motor; b) axial

distribution at r=R� 0:99.

512 GALLIER AND GODFROY



variables, allowing the others to remain untouched. Doing so for the
different variables of Eq. (4) leads to the following result: the flow
turns stable only in the case where the Reynolds number Rep is set
constant. Imposing nofluctuations to the other variables (for instance
B orNp) does notmodify the instability. Figure 5 shows the head-end
pressure signal when Rep fluctuations are canceled (Rep imposed to
a time-averaged value): this clearly demonstrates that the thermo-
acoustic coupling is broken here. Additionally, by considering rms
fields for all the variables, it is noticed that, in the combustion zone,
the relative fluctuations of Rep are 2 or 3 orders of magnitude larger
than the relative fluctuations ofNp,D, or ln �1� B�, which confirms
that fluctuations of the latter variables have virtually no effects.

This proves that convection is the chief physical process and that
aluminum combustion primarily does respond to acoustic velocity,
which is not surprising as aluminum flame is diffusion limited. The
importance of this direct particle combustion-acoustic velocity
interactionwas also anticipated byRaun andBeckstead in their Rijke
burner model [19]. Although they did not take it into account
(assuming combustion in a quiescent atmosphere), they suggested at
that time that it could explain why their model underestimated the
experimental instability growth rate. Our results show they were
indeed right.

On the basis of this consideration, Fig. 6 represents a sketch of the
supposed physical phenomena occurring when an aluminum droplet
leaves the propellant surface and burns. A flame disturbance is
expected to be induced by the acoustic fluctuation u0g that will sweep
the flame envelope and modify the flame area and heat release. Note
that this physics is included in the model through Eq. (4) via the
simple empirical Ranz–Marshall correction.

IV. Parametric Study

The following parametric study aims at improving the
understanding of this kind of instability and also determining the
most relevant parameters, especially the ones concerning aluminum
combustion.

A. Effect of Aluminum Burn Rate

Aluminum combustion is suspected to play a major role and the
effect of the aluminum burn rate is now investigated. Yet, the
complexity of aluminum combustion is such that burn rate
predictions largely rely on empirical correlations. Moreover, the
overall mass release rate predicted could also be lowered by group
combustion effects in an actual configuration. Hence, from a
practical point of view, it is important to estimate to which extent this
instability is liable to be altered by the aluminum burn rate. As a
consequence, this parametric study gives information on how crucial
the aluminum combustion modeling may be.

Simulations are performed by slightly modifying the expression
for burn rate _! in Eq. (4), which is nowmultiplied by a constant factor
in order to change the aluminum burn rate and combustion thickness
consequently. All the other parameters are kept at their values.

Figure 7 presents the 0-to-peak head-end pressure level (
���
2
p

times
rms value) as a function of the combustion thickness. This
combustion thickness is computed as the distance at which particle
diameterD reaches its final valueDres within 1%.As this thickness is
very slightly varying with axial position, the value is averaged along
the motor length.

It can be seen that the instability develops only in a range of
combustion thickness (and thus combustion burn rate). When
aluminum combustion is too much spatially distributed (thickness
beyond 30 mm), the instability dies out. On the opposite, a surface
combustion does not involve any coupling with acoustics either. The
instability develops on the first acoustic mode 1L, except when
combustion is very close to the surface where a second longitudinal
mode 2L can be locked on. These computations show that the
combustion thickness is a leading-order parameter and that coupling
is only possible for a given range of the aluminum combustion rate.
Section V details the fact that this is actually due to the acoustic
boundary layer, which induces high acoustic velocity zones
favorable for a resonant coupling.

It is concluded that aluminum combustion is of major importance,
so that the use of our simpleD2 model becomes questionable. For the
sake of comparison with experimental data or empirical correlations,
Eq. (4) is recast in terms of droplet combustion lifetime tc by
consideringmass continuity at the droplet surface [first component of
Eq. (2)]. It is then found (see also [23], p. 577 for details), that

tc �
�pPrD

2

8
 ln �1� B� (10)

for a quiescent atmosphere and no residue.With our current values, tc
is calculated at 23 ms for D� 120 
m. Orlandi [32] reported and
compared 10 different empirical correlations for aluminum
combustion times and, for a 120 
m droplet, the results ranged
between 9 and 44 ms, whereas the widely used Widener–Beckstead

Fig. 5 Pressure signal with no Rep fluctuations. This proves primary

convective control.

Fig. 6 Sketch of assumed instability mechanism (inspired from [19]).

Fig. 7 Thermoacoustic instability level vs aluminum combustion

thickness.
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correlation [33] gives a value of 28 ms. This means that despite its
relative simplicity, the used aluminum combustion model gives
results in coherence with current know-how and that present
computations are physically meaningful.

B. Effect of Heat Release

Because of thermoacoustic nature, it is expected that the heat of
reaction Q for aluminum combustion is of primary importance.
Furthermore, its value is not exactly known in the frame of
combustion in a propellant like atmosphere as different oxidizers
(such asH2O,CO2, or HCl) are in competition with different kinetics
and diffusivities. Our baseline value Q0 � 9:53 MJ=kg has been
estimated based on the JANNAF thermochemical database for the
following reaction: 2Al�g� � 1:5O2�g� ! Al2O3�l�. Note that this
assumes a complete condensation of alumina.

A parametric study is then performed on the heat of reaction Q.
However, if Q is changed, the Spalding number B is altered
accordingly [Eq. (5)] and so is the aluminum burn rate [Eq. (4)]. But
the previous computations showed that this parameter is of great
importance so that the analysis will certainly be biased. Therefore,
the value of Q is modified while leaving the Spalding number B
unchanged to keep the same burn rate. To do so, the latent heat of
vaporization Lv is slightly adjusted to keepB constant. It is expected
to induce negligible effects on the underlying physics. Computa-
tional results are systematically checked to confirm that the
combustion thickness remains unmodified.

Figure 8 presents the 0-to-peak head-end pressure level with
respect to the heat of reaction Q (expressed in terms of Q=Q0 ratio,
with baselineQ0 � 9:53 MJ=kg). The striking feature is the S shape
with the presence of a threshold value. If Q is lower than
approximately 0:7Q0, then the instability does not manifest and the
motor is absolutely stable. On the contrary, beyond this threshold, the
instability seems to be rather independent of the actual value of Q.
Again, this means that limited discrepancies on this parameter do not
have profoundmodifications on the physical relevance of the present
computations.

The particular case Q� 0 corresponds to pure vaporization. In
that case, the fact that there is no instability confirms that it is driven
more by heat release rather than sole mass release. Vaporization
could potentially drive acoustic waves as shown by Dupays and
Vuillot [17] but, in that case, its participation, if any, is sufficiently
modest to be overwhelmed by acoustic losses.

In the frame of a linear stability approach, this S shape may be
reasonably explained if one assumes that the instability growth rate is
largely controlled by the value of Q. If this term is large enough to
compensate acoustic losses, then the instability can grow. On the
contrary, reducing Q induces a small growth rate, lower than the
motor damping rate, and stability is promoted.

C. Effect of Particle Diameter

Aluminum particle size is largely altered by a complex, and hardly
known, agglomeration process taking place at a burning surface. A
detailed study on agglomeration effects would imply parametric
study on aluminum particle diameters Dinj, alumina residue
diameters Dres, and injected particle mass fraction �inj which would
be tedious and computationally expensive.

Rather, it is proposed to consider a limited number of different
hypotheses on particle diameters and evaluate how strong the impact
on the results is. The intended scenarios are compiled in Table 3.

The value of 1 
m for Dres roughly corresponds to the size of
alumina smoke.

For all these cases, the unagglomerated fraction (lumped with gas
injection) and the total energy release, which scales as �Dinj=Dres�3,
are different. As already described in Sec. II.D, the gas injection
temperature Tg;inj is then adjusted, for each computation, in a way
that the equilibrium flame temperature Tf � 3600 K is recovered in
the core flow. This insures that all the computations have identical
pressure, sound velocity, orflowparameters. Results are presented in
Table 4 with the instability level still expressed by 0-to-peak rms
head-end pressure.

It is recalled that computation 0 corresponds to the reference case
previously computed.

Case 1 intends to estimate the absence of large alumina residue by
only allowing for smoke (1 
m). In that case, the motor is stable
which seems to be due to the extra burning time needed to achieve
complete droplet combustion. The combustion zone is enlarged
accordingly and becomes too thick for a coupling to occur, as already
noted. Indeed, considering results from Fig. 7, a combustion
thickness of 33 mm was not reported to involve instabilities.

Case 2 allows for no agglomeration (initial aluminum, supposed at
30 
m, ejected and giving only alumina smoke). This time, the
droplet lifetime is too short for the combustion to be significantly
distributed. In that case again, the motor is stable due to surface
combustion (cf. Fig. 7). This represents an a posteriori validation for
having only considered aluminum agglomerates in two-phase
computations and not the unagglomerated particles supposed to burn
at surface and lumped with propellant gas.

Case 3 is similar to reference case 0 but with increased injected
particle mass fraction (two-thirds of the total aluminum is now
supposed to agglomerate instead of one-third). The combustion zone
thickness is not modified. The instability level does not change
substantially, going from19 to 21 kPa. Thismeans that the instability
is rather insensitive to the number (or mass fraction) of burning
particles. This also relaxes the need of having accurate estimation of
agglomeration fraction as a rough estimation should fit.

Case 4 considers smaller particles (90 
m instead of 120 
m)
with no residues. This choice leads to the same combustion thickness
(22 mm) as the reference case 0. Again, the instability level is not

Fig. 8 Thermoacoustic instability level vs aluminum heat of

combustion.

Table 3 Computed test cases

No. �inj Dinj Dres Comment

0 0.06 120 
m 60 
m Baseline
1 0.06 120 
m 1 
m No residues
2 0.18 30 
m 1 
m No agglomeration
3 0.12 120 
m 60 
m Increased �inj
4 0.06 90 
m 1 
m Small agglomerates

Table 4 Effect of particle size on instability level

Instability level, Combustion thickness,
No. kPa mm

0 19 22
1 0 33
2 0 4
3 21 22
4 22 22

514 GALLIER AND GODFROY



profoundly modified which basically means that the size itself of the
particles is not so important and that the combustion thickness is the
driving parameter.

This parametric study definitely confirms the crucial role of the
spatial distribution of the combustion, compared to particle diameter
or mass fraction which seems to act much less.

D. Effect of Acoustic Frequency

Acoustic resonance suggests some frequency accordance with
acoustic modes. To evaluate the most favorable range of frequencies
for the thermoacoustic instability to occur, the acoustic longitudinal
mode of the motor has been modified by changing grain length L
(recalling f1L � a=2L). However, it is essential to keep the same
burning surface to throat area ratio Scomb=St to maintain identical
chamber pressure and injection gas velocity vinj (vinj is known to
largely determine nozzle admittance or acoustic boundary layer, for
instance). As a result, when L is changed, the throat radius is altered
accordingly.

Figure 9 presents the evolution of the instability level with respect
to theoretical first longitudinal acoustic frequency f1L � a=2L. The
results clearly show that the instability is liable to develop in a narrow
range of frequency, typically from 60 to 80 Hz for the current choice
of parameters. If the motor acoustic mode does not lie within this
range, then the frequency mismatch between acoustics and
combustion is too large for the resonance to occur. The question of
the frequency of the combustion processwill be addressed later on. A
last comment on Fig. 9 is that it has not been possible to consider
frequencies lower than roughly 60 Hz. In that case, the motor is
sufficiently long (in terms ofL=R ratio) so that a PVS develops along
the grain. This case is not considered in the present study because it
involves two powerful instability sources at the same time and the
sole effect of thermoacoustic instability can no longer be accurately
evaluated. As a matter of fact, the observed drop in the instability
level may arise from complex interactions between PVS and
aluminum combustion.

V. Theoretical Analysis

A. Linear Stability Theory

The goal of this section is to prove theoretically the existence and
some characteristics of the two-phase thermoacoustic instability
numerically studied. To do so,wewill strongly rely on the pioneering
works fromCulick [34]whowas among thefirst to assess solidmotor
stability by theoretical arguments. Such an approach, also known as
the acoustic balance theory, is based on linearized fluid mechanics
equations assuming small-amplitude pressure fluctuations and low
Mach number. Validity domain for this analytical approach has been
extended accounting for nonlinearities [35–37] or vortical effects
[30,38] and is now widely used in the solid rocket community [39].
Nevertheless, the effects of two-phase flows on stability have only
been incorporated for nonreacting particles, giving a well-known

inert particle damping term (let us mention, however, that such inert
particles are liable to drive hydrodynamic instabilities in some solid
rockets [24,25]). A reliable explicit term for particle combustion
contribution may not seem to have been formulated so far and is still
lacking in classical linear stability predictions.

The present approach does not claim to devise a complete and
complex analysis but at least retain the most important terms to help
in shedding light on this combustion instability. From now on, we
closely follow the approach fromCulick [5,40]. First, an equation on
pressure p is obtained [see Eq. (A1)]. Variables are then classically
decomposed as sums of mean and fluctuating parts (p� �p� p0,
etc.) and equations are written to second order in fluctuations and
combined to obtain a nonlinear wave equation□2p0 � hwith□2 the
classical wave operator (d’Alembertian). Then, harmonic modes are
sought for, and their growth rates � are considered to either assess or
not the linear stability of the motor.

KeepingCulick’s formalism, time-space decomposition, formode
n, is such that p0 � p̂ei!t and p̂� �p�n n with �n the mode
amplitude and  n the unperturbed mode shape. Conservation

equations also yield for gas velocity vector [40]: Ûg�
�ia=�kn��nr n. The effect of particles [through term q0 of
Eq. (A2)] appears in one stability integral which is [40]

�� 1

2 �pE2
n

Z
V

 nq̂
�r�

�n
dV with 2E2

n �
Z
V

 2
ndV (11)

where superscript (r) stands for real part.
For burning particlesq0 � �� � 1� _!0�CP;pTsat �Q� [Eq. (A3)], so

that the growth rate �PC due to particle combustion is

�PC �
�� � 1��CP;pTsat �Q�

2 �pE2
n

Z
V

 n!̂
�r�

�n
dV (12)

Note that this integral is only nonzero in the combustion zone as
!̂� 0 when combustion is completed.

Now, the last development consists of estimating the fluctuating
mass release !̂. Its exact expression may be tedious and difficult to
handle. On the other hand, a detailed acoustic balance theory is out of
the scope of the present study. Rather, we make use of our
computational results to retain themost important effects and neglect
the others. The results are detailed in Appendix and it is found that
the aluminum combustion fluctuating mass rate is mainly driven by
axial gas velocityfluctuations through the relation !̂�Hûg withH a
transfer function given in Appendix [Eq. (A9)]. This means that in
the present case, convective effects rule and that this thermoacoustic
instability differs from classical thermoacoustic instabilities in
burners where we commonly have !̂�Hp̂. This salient distinction
arises from the diffusion-limited nature of droplet combustion rather
than kinetic control for gas phase combustion.

In the latter expression !̂�Hûg, the fluctuation ûg is understood
as the unperturbed acoustic axial velocity fluctuation. It is well
known that classical “organ pipe” acoustics is generally a good
approximation in a solid motor except close to the walls (and thus
surface propellant) where an acoustic boundary layer develops [30]
and locally modifies velocity fluctuations. This acoustic boundary
layer is of great importance here and must be accounted for because
particle combustion specifically takes place in the vicinity of the
propellant surface. Analytical expressions for acoustic velocity
fluctuations in the presence of an injecting surface have been derived
by Flandro et al. [30,41] but are a bit complex to handle. As
previously remarked, aluminum combustion is limited to the
propellant surface region (i.e., r� R), so that an expression valid
there is sufficient. In Appendix , a near-wall approximation of the
Flandro theory is proposed by considering a first-order development
in the small parameter "� 1 � r=R. It is found that axial velocity
fluctuations accounting for acoustic boundary layer simply read
ûg�1 � F� [Eq. (B6)]withF a complex number dependingmainly on
radial distance r. This correction term 1 � F can be seen as a
modulation of the unperturbed acoustic velocity ûg that accounts for
rotational effects induced by the presence of an injection surface.

Fig. 9 Thermoacoustic instability level vs acoustic frequency (first

mode).
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Replacing the final expression for fluctuating mass release
rate !̂�H�1 � F�ûg in integral Eq. (12), recalling ûg�
�ia=�kn��nr nex, and taking the real part gives the final expression
for particle combustion growth rate:

�PC ��
�� � 1�a�CP;pTsat �Q�

2 �p�knE
2
N

Z
Vcomb

��H�i� �H�r�F�i�

�H�i�F�r�	  nr nexdV (13)

where the volume integral is performed in the combustion zone.
Expressions for real and imaginary parts ofH andF are, respectively,
given in Eqs. (A10) and (B6). The bracketed quantity in Eq. (13) is
based only on mean flow properties in the combustion zone and
depends primarily on r but also slightly on x due to the mean axial
velocity gradient.

As already mentioned, our purpose here is to obtain a first
estimation of droplet combustion contribution to linear stability
using a simple approach.We are aware that the present analysis is just
the first step that can be improved, although forthcoming results are
going to show that this approach seems to be a sound basis. Recently,
Flandro [42] proposed a rigorous self-consistent theoretical
framework that accounts for distributed combustion heat release.
Even though his paper focuses on single-phase combustion, the
method can be naturally extended to reacting two-phase flows. This
could be part of some future work and could offer a more general
vision of instabilities with two-phase combustion.

B. Stability Predictions

As stressed in the last section, our goal is not to develop a closed
analytical form of Eq. (13) to be included in a classical linear stability
program. Rather, we will estimate �PC numerically in order to
confirmnumerical simulations and thereby help to get insight into the
instability.

First of all, the shape of acoustic mode  n is deduced from CFD.
Practically, computations are run on one period T � 1=f and spatial
repartition of Fourier coefficients, for any variable �, is computed
according to

FT��� � 1

T

Z
T

0

��t� exp�i2�t=T�dt (14)

Then, the amplitude and phase of acoustic components are derived
from the modulus and argument of FT���. For the present
computations, Fig. 10 shows the centerline distribution (r� 0) for
the nondimensional real part of pressure fluctuations and imaginary
part of axial velocity fluctuations, on the first frequencymode n� 1.
The classical expected shapes for pressure  � cos��x=L� and for
axial velocity ug [a sin��x=L� distribution] are well recovered. This
confirms that for this cylindrical motor, a pure half-wave solution is
an accurate approximation. A slight distortion at x� L is, however,

noticed, which is mostly due to convective effects (Mach number no
longer negligible) and nozzle admittance (which makes u0g not
exactly zero at x� L).

The fact that a coupling exists between pressure and gas velocity
[leading to the term  r in integral Eq. (13)] can explain the
distribution of the Rayleigh parameter that was noticed in Fig. 4. For
the demonstration, let us assume that the bracketed term in Eq. (13)
depends only on r. Then, as  �  �x�, a variable separation would
give

�PC /
Z
L

0

 
@ 

@x
dx

/
Z
L

0

cos��x=L� sin��x=L�dx� 1

2

Z
L

0

sin�2�x=L�dx (15)

This sin�2�x=L� evolution was the one pointed out for Rayleigh
parameter distribution in Fig. 4b with the upper half of the motor
(x < L=2) giving a positive driving distribution [sin�2�x=L�> 0]
and negative for the lower half of themotor. In agreementwith results
from Fig. 4b, the maximum instability region then takes place at one-
fourth the length. Let us mention that this is exactly similar to a Rijke
tube, for which the heated gauze must be set at x� L=4 for
maximum thermoacoustic driving.

Note that the integral of Eq. (15) would lead to zero in this case
meaning that the destabilizing zones are exactly balanced by the
stabilizing ones, inducing a marginal stability (�PC � 0). In fact, the
bracketed term in Eq. (13) does also depend, albeit weakly, on x
through axial mean velocity, so that the variable separation is
rigorously incorrect and the integral Eq. (13) is indeed nonzero.
Likewise, a motor with complex port shape would have actual
acoustic modes differing from the idealized cosine shape, which also
leads to a nonzero integral.

Taking advantage of the aforementioned CFD results, the particle
combustion growth rate �PC [Eq. (13)] is now evaluated. As it
depends on mean flow properties, the time-averaged flowfield is first
taken from CFD. Then, �PC is numerically computed directly with
the mean flowfield. The integral evaluation yields �PC ��13:3 s�1

and the positive value of this growth rate proves that the particle
combustion contribution is destabilizing in the present case.

To assess motor stability, this value must be compared with other
classical acoustic losses, the most important being nozzle admittance
�N and inert alumina residue particles �IP in the core flow. Note that
no propellant combustion term is accounted for as it is considered to
have a constant mass rate. Other contributions such as attenuation at
inert surfaces or viscous damping are neglected. In addition, it is
assumed, as stated by Flandro [30,41], that the unsteady boundary-
layer pumping mechanism very nearly cancels the Culick flow
turning correction, so that the net flow turning can be ignored. For the
two conserved terms, classical expressions may be found in the
literature [40,41]:

�N ��
vinj
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�
2� � � 1
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�

�IP ��
�

1� �
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�
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1� �!�d�2
� �� � 1�
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!�t
1� �!�t�2

� (16)

The evaluation of linear stability for the addressed motor is finally
given in Table 5 and proves, in coherence with CFD computations,
that the motor is linearly unstable because driving aluminum
combustion overcompensates total losses �loss � �N � �IP�
�11:5 s�1.

Fig. 10 Computed acoustic mode shape for pressure and axial gas

velocity (first mode).

Table 5 Linear growth rate

estimation

�N �10:8 s�1

�IP �0:7 s�1

�PC �13:3 s�1

�� �1:8 s�1
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Actually, the linear growth (or damping) rates, which have been
calculated by classical stability theory in Table 5, may also be
compared to CFD results. Indeed, some of the computations
previously performed appear to turn stable when particle combustion
contribution is canceled (such as forcing Re0p � 0 in Sec. III.B or
settingQ� 0 in Sec. IV.B). In such cases, pressure oscillations then
progressively dampen to zero due to acoustic losses, from which a
damping rate �1 may be evaluated. Similarly, using this previous
stable solution as a restart, particle combustion is reactivated and
pressure oscillations are observed to grow with rate �2. The results
are plotted in Fig. 11. For the two computations just described, head-
end pressure signals are first (50–100 Hz) digitally bandpass filtered
and the absolute values of pressure peaks are plotted on a log scale
versus time. A linear fit gives �1 ��12:5 s�1 and �2 ��4:4 s�1.
This first damping rate �1 ��12:5 s�1 corresponds to the only
acoustic loss contribution and is found to be pretty close to the
expected value from linear stability theory in Table 5:
�loss ��11:5 s�1. The growth rate �2 ��4:4 s�1 includes particle
combustion in addition and should then be compared to the overall
growth rate����1:8 s�1 from Table 5. Finally, it can be deduced
from CFD that �PC � �2 � �1 ��16:9 s�1 in relative coherence
with the present estimation from stability integral �PC ��13:3 s�1.
A slight discrepancy is noticed probably due to the assumptions used
in the theoretical developments. However, it means that the
formulation of Eq. (13) does account for themain underlying physics
and thereby can be used as a first rough estimation of the driving
effect of aluminum combustion.

C. Instability Characteristics from Theoretical Analysis

The previous analysis tends to show that the formulated stability
integral Eq. (13) is a sound basis for studying the characteristics of
this instability. Its existence has been theoretically proven; we now
analyze and explain some features of the instability noted in the para-
metric study. Particularly, it has been remarked that the instability
was largely controlled by 1) the aluminum heat of reaction with a
threshold critical value (see Fig. 8); 2) the acoustic frequency of the
motor (see Fig. 9); and 3) the combustion zone thickness (see Fig. 7).

1. Effect of Aluminum Heat of Reaction

The existence of a threshold value on the heat of reaction can be
easily explained with regards to the linear stability theory.

Considering Eq. (13), the value of �PC is found to be proportional to
the quantity CP;pTsat �Q. Hence, large values of Q involve high
growth rates, possibly large enough to compensate acoustic losses
and the instability can grow. On the contrary, loweringQ reduces the
growth rate, eventually becoming smaller than the motor damping
rate and stability is promoted. This explains the S shape noted in
Fig. 8. An additional remark is that even pure vaporization (Q� 0) is
theoretically liable to drive instability due to the enthalpy injection
term CP;pTsat. Practically, this term is much smaller than Q and
cannot overcome acoustic losses by itself.

The limit critical value Qcr for the instability to grow is such that
�PC�Qcr� � �loss � 0. FromEq. (13), we have computed the quantity
�PC / CP;pTsat �Q0 and similarly, the relation��loss / CP;pTsat �
Qcr holds with the same proportionality constant if all other
parameters are assumed unchanged. This gives the equality
CP;pTsat �Qcr ���loss=�PC�CP;pTsat �Q0� fromwhich the thresh-
old valueQcr is computed to beQcr=Q0 � 0:81. This value is pretty
close to the one from the CFD computations in Sec. IV.B (see Fig. 8),
where the parametric study on Q gives a threshold value by
Qcr=Q0 � 0:7.

2. Effect of Acoustic Frequency

Results from Fig. 9 suggest that motor acoustic frequency must be
roughly in the range 50–80 Hz (at least with the set of parameters
chosen) for the instability to lock on acoustics. Lower frequencies
might also be favorable but the occurrence of PVS, for the L=R ratio
considered then, precludes any conclusions on the role of the sole
thermoacoustic contribution.

Frequency dependence of �PC is now investigated. In Sec. V.A,
the relation !̂�H�1 � F�ûg is set with H directly connected to
Reynolds number fluctuations Re0p and F linked with acoustic
boundary-layer effects. Actually, both H and F depend on
frequency, leading to the overall frequency dependence of the
thermoacoustic driving term �PC. Transfer function H depends on
frequency because of the inertial response of particles to gas
fluctuations: it is a particle-based time scale. On the other hand, F
depends on frequency for aerodynamic reasons and is based on
injection flow time scale R=vinj.

Taking the real part of !̂ (recalling ûg is pure imaginary) leads to
the bracketed term of Eq. (13):�H�i� �H�r�F�i� �H�i�F�r�. The first
term�H�i� is the contribution from the only particle-gas interactions
and, regarding its expression [Eq. (A10)], is maximum at the
frequency for which Stokes number St� 1. The two other terms
arise from some interactions between particles, gas, and acoustic
boundary layer and have a more complex frequency dependence,
both on Stokes number St and Strouhal number S. Note that without
an acoustic boundary layer (F� 0), only the term�H�i� is retained in
stability integral Eq. (13) but still does give an overall driving effect.

Frequency dependence of �PC is studied by computing integral
Eq. (13) while varying the frequency (all other parameters remaining
unchanged). To gauge the effects of the acoustic boundary layer, the
growth rate �PC without acoustic boundary layer (F� 0) is also
computed. The results for those two growth rates are plotted in
Fig. 12 together with the damping rate��loss as the dashed line [note
that �loss slightly varies with frequency through the particulate
damping term �IP, see Eq. (16)]. This allows one to determine the
instability/stability region: the motor is linearly unstable if the gain
�PC is above the ��loss dashed line. Figure 12 gives much
information. Let us first consider the �PC with acoustic boundary
layer (black circles). It exhibits a wavy shape with several peaks and
gives an overall instability in two frequency regions, one in the range
(20–80 Hz) and the other, smaller, in the range (120–160 Hz). This
result shows that a particle combustion/acoustics resonance is
possible because the first acoustic mode lies in this unstable range
(20–80 Hz). Likewise, the second longitudinal mode belongs to the
(120–160Hz) region,which possibly explainswhy a second acoustic
mode is sometimes locked on for some flow conditions (see results
from Fig. 7). This also clarifies the CFD results from Fig. 9 where the
instability was computed to vanish for frequencies above 80 Hz.
Besides, simulations performedwith f1L � 60 Hz gave an enhanced

Fig. 11 Growth rates from CFD: a) without particle combustion;

b) with particle combustion.
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instability level, which can be connected with larger �PC as seen in
Fig. 12.

A remarkable result is that without acoustic boundary-layer effects
(white squares in Fig. 12), the thermoacoustic contribution is still
driving but too small to overcome acoustic losses. Ergo, acoustic
boundary layer is, at least for the present configuration, a major
ingredient in thermoacoustic resonance by promoting an enhanced
coupling between combustion and gas velocity fluctuations. Also
note that it is the acoustic boundary layer that gives this particular
frequency dependence of the thermoacoustic driving term.

It is recalled that the results presented in Fig. 12 are obtained by
varying the frequency in the computation of Eq. (13) while keeping
the same mean flow. Rigorously, this frequency dependence, and
induced stability regions, should then be only valid for our baseline
test case.

3. Effect of Combustion Thickness

Parametric studies from Secs. IV.A and IV.C lead to the
conclusion that the combustion thickness is the main controlling
parameter. This can simply be explained by relying on the previous
analysiswhich points out the prominent role of the acoustic boundary
layer.

Figure 13 plots the distribution of the module of axial acoustic
velocity (at x� L=2 and on the first mode f1L) computed by CFD
(scaling by centerline value). It clearly outlines a well-known
consequence of acoustic boundary layers: close to the surface, the
axial velocity module can be increased by a factor up to 2 at the first
peak. Driven by this very velocity fluctuation, the thermoacoustic
resonance is greatly promoted if the combustion takes place there.
From Fig. 13, the acoustic velocity gradient at the propellant surface
is computed to be about 300 s�1. This leads to a wall shear stress
around 0.03 Pa, which turns out to be as large as the shear from the
mean flow.

Although this is a simple analysis (not only amplitude but phase
should also be included), this can qualitatively explain the results. If
the combustion takes place by the region ofmaximum u0g (first peak),
then the instability is at its strongest. If the combustion is too close
from the surface, then it lies in a region ofmuch smaller u0g (u

0
g � 0 at

the surface). On the contrary, if the combustion is too much spatially
distributed, it will include this previous high u0g zone but also a less
active region with low u0g (see Fig. 13) and this decreases the overall
gain �PC possibly beneath the losses. In addition, the transfer
functionH is proportional to _!, meaning that slow burning particles
give smaller aPC.

The frequency pattern noted in Fig. 12 is explained similarly. The
frequency of maximum instability in Fig. 12 is obtained when the
first u0g peak is located in the combustion zone. As frequency (and
Strouhal number S) increases, velocity peaks induced by the acoustic
boundary layer are moving closer to the walls. Hence, a less active
region (first “negative” peak) enters the combustion region and
lowers the growth rate. As the frequency increases again, the second

maximum peak penetrates the combustion zone and favors the
instability, which explains the second unstable region (120–160Hz).
And so on with the other peaks, leading to the noted wavy pattern in
Fig. 12.

A crude estimation of themost favorablemotor acoustic frequency
can be performed using this simplified analysis. Considering the
expression for F [Eq. (B6)], the maximum of acoustic velocity (in
module) is linked with the maximum of the quantity k1 �
exp�iS"�k � �2 � 2 cos�S"�	1=2 with " the nondimensional distance
to the surface and S the Strouhal number. This maximum is obtained
at the nondimensional distance "max � �=S. Then, for the
combustion location to match this highest velocity region, a
criterion might be "max � "comb. Replacing the expression for the
Strouhal number [Eq. (B3)] finally leads to a “rule-of-thumb”
estimation for the most favorable frequency fmax � vinj=2ecomb with
ecomb the combustion thickness. With vinj � 2:6 m=s and
ecomb � 22 mm, this gives fmax � 59 Hz in roughly correct
agreement with the parametric study (Fig. 9) or frequency
distribution (Fig. 12). This estimation may then be compared with
acoustic modes for the first raw estimation of aluminum combustion
instability risks.

This analysis stresses the role of the acoustic boundary layer on the
driving effect of aluminum distributed combustion. As a final
remark, let us outline the fact that turbulencemay also possibly play a
role. Indeed, for higher L=R ratio motors, where transition is now
likely to occur, turbulence is known to dissipate vortical waves and
thereby dampens the acoustic boundary layer in the aft part of the
motor [43,44]. This could clearly affect the global stability of the
motor and has to be checked in the future.

VI. Conclusions

This work details a previously unreported instability in solid
rocket motors revealed by numerical simulations. A simple motor,
with cylindrical port, is considered and predicted to be stable by
single-phase CFD computations. When aluminum combustion is
accounted for, the motor experiences a strong instability on the first
acoustic mode, despite no vortex shedding being observed. The use
of Rayleigh criterion suggests a genuine thermoacoustic instability.
Moreover, the instability is suppressed by forcing zero particulate
Reynolds fluctuations, which shows that the aluminum combustion
primarily responds to acoustic velocity. A scenario is proposed in
which the acoustic velocity sweeps the flame envelope of the burning
aluminum droplets and then increases the heat release.

A parametric study stressed the importance of some parameters,
one of themost important being the size of the aluminum combustion
zone. If aluminum combustion is too much spatially distributed or
too close to the surface, then the instability does not manifest. A
strong effect of aluminum heat of reaction is also demonstrated.
Besides, changing the motor length allows setting a range of

Fig. 12 Growth rates �PC vs frequency [with and without acoustic

boundary layer (ABL)].

Fig. 13 Transverse profile of axial acoustic velocity module (at

x� L=2).
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favorable acoustic frequencies for the instability to appear. With the
current choice of aluminum and flow parameters, the instability
ceased for frequency beyond 80 Hz.

To get insight into this instability, the acoustic balance theory has
been revisited and an expression for a new stability integral linked
with aluminum combustion is proposed. A simplified analytical
relation to fit in a standard stability program was not searched for
because our primary goal was not to improve this kind of approach.
Therefore, the integral is numerically evaluated, based on the mean
flow fromCFD. It turned out to be a driving term and themotor could
finally be calculated to be linearly unstable in agreement with
computations. This theoretical background was successfully used to
explain quantitatively the results from CFD computations,
particularly the salient effects of combustion thickness or aluminum
heat of reaction. Likewise, the frequency content of the combustion
process is proven to be caused by the acoustic boundary layer which
induces alternative regions of high and low acoustic velocities close
to the propellant surface. A simplified criterion for expected
frequency is given, to be compared with acoustic modes for a first
crude estimation of aluminum combustion instability risks.

Further perspectives are linked with the coupling between
aluminumcombustion, acoustics, and vortex sheddings because they
are likely to occur in actual motors. In fact, we believe that the
absence of clear experimental evidence for aluminum combustion
driving so far might suggest that the thermoacoustic process is
possibly overwhelmed by vortex sheddings and that resulting
interactions are quite complex. Work is currently in progress.

Appendix A: Equations for Aluminum Combustion
Fluctuating Mass and Heat Rates

Conservation equations are recast in a nonconservative form so
that the following equation on pressure p is obtained (also found in
[40], p. 730):

@p

@t
� �pr � Ug � Ug � rp� q

q� �� � 1�
�
�Qv � Fd � �U� _!

�
CP;pTp � Lv �Q�

1

2
�U2

��

(A1)

All variables are decomposed as sums of mean and fluctuating
parts (p� �p� p0, etc.,. . .) and equations are written to second order
in fluctuations. As combustion is considered, we make use of the
energy conservation relation Qv � _!Lv and the fact that droplet
temperature is constant during combustion (Tp � Tsat implying
T 0p � 0). It is found the fluctuating pressure equation:

@p0

@t
� �pr � U0g � Ug � rp0 � �p0r � Ug � U0g � rp0

� �p0r � U0g � q0

q0 � �� � 1�
�
Fd � �U0 � F0d � �U� _!�U � �U0

� _!0
�
CP;pTsat �Q�

1

2
�U2

��
(A2)

where the bars denoting time-averaged values have been dropped for
the sake of simplicity.

Orders of magnitude for the different terms in the q0 expression
suggest that only the combustion part should be retained as it
overwhelms drag force work and kinetic energy which finally gives

q0 � �� � 1� _!0�CP;pTsat �Q� (A3)

Note that this approximation is mathematically exact in the case of
equilibriumbetween gas and particles because all the neglected terms
are (explicitly or not) proportional to relative velocity �U.

An expression for _!0 is then obtained by perturbing Eq. (4), which
yields

_!0

_!
�
N0p
Np
�D

0

D
� �1� 0:3Re1=2p Pr1=3�0

�1� 0:3Re1=2p Pr1=3�
� B0

�1� B� ln �1� B�
(A4)

Recasting this expression rigorously only in terms of acoustic
pressure or velocity is tedious and leads to a quite complex
formulation beyond the scope of the present study. As we want to
focus on the main phenomena, we take advantage of the CFD results
obtained. In particular, it is observed that, in the combustion zone, the
relative fluctuation of the Ranz–Marshall term is the leading-order
one in Eq. (A4) (third term on the right-hand side). Relative
fluctuations of Np, D, or ln �1� B� are 2 or 3 orders of magnitude
lower. This assumption, justified by CFD computations, leads to the
simpler expression:

_!0

_!
� 0:15Re1=2p Pr1=3

1� 0:3Re1=2p Pr1=3
Re0p
Rep

(A5)

Note that it is coherent with the fact (described in Sec. III.B) that
the thermoacoustic coupling may be broken down only by canceling
Rep fluctuations.

Accounting for particulate Reynolds number expression [Eq. (6)]
gives

_!0

_!
� 0:15Re1=2p Pr1=3

1� 0:3Re1=2p Pr1=3
�u � �u0
k�Uk2 (A6)

which is obtained under the assumptions that relative fluctuations of
density �g and radial velocity vg are small compared to relative
fluctuations of axial velocity ug. The former assumption is justified
by low Mach numberM (recalling �0g=�g �Mu0g=ug) and the latter
comes from considering axial acoustic modes (hence v0g � 0). This
has also been checked by CFD computations.

Particle and gas axial velocity fluctuations are such that [17,18]

�u0 � u0g
�
iSt� St2
1� St2

�
(A7)

with the Stokes number St defined by St� 2�f �d with �d the
particle dynamic relaxation time. This relaxation time is obtained
through the equation of motion for particles and classically reads
�d;s � �pD2=18
 [17] under Stokes flow assumption. Although
such Stokes flow assumption is very widely used, it is only valid in
the limit ofRep < 1which is justified in the core flow but not close to
the surface where particles are large and velocity drift is important
(values up to Rep � 50 are observed in the present computations).
Rather, we use a more general relaxation time expression that
includes a Reynolds number correction [45] and reads

St� 2�f
24

RepCd
�d;s (A8)

Combining Eqs. (A6) and (A7) finally leads to the sought
expression !̂�Hûg with H a complex transfer function defined by

H � _!

�
0:15Re1=2p Pr1=3

1� 0:3Re1=2p Pr1=3

�
�u

k�Uk2
iSt� St2
1� St2 (A9)

and Stokes number St given by Eq. (A8). Note that Eq. (A9) only
depends on mean flow properties. Real and imaginary parts are

H�r� � � _!

�
0:15Re1=2p Pr1=3

1� 0:3Re1=2p Pr1=3

�
�u

k�Uk2
St2

1� St2

H�i� � _!

�
0:15Re1=2p Pr1=3

1� 0:3Re1=2p Pr1=3

�
�u

k�Uk2
St

1� St2

(A10)
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Appendix B: Near-Wall Approximation of Acoustic
Boundary Layers

Following Flandro et al. [30], unsteady velocity can be broken up
into acoustic (compressible, inviscid, irrotational) and solenoidal

(incompressible, viscous, rotational) parts: U0 � U
_
� �U.

For a cylindrical motor, the axial acoustic velocity for a
longitudinal mode classically reads (see Sec. V.A)

u
_�� ia

�
� sin�kx� exp�i!t� (B1)

with � the pressure wave amplitude. As for the vortical component,
Flandro et al. developed the following expression [30]:

�u��i a
�
�

�
B
r

R
sin�kx sin�� exp

�
� � i S

�
ln tan

�

2
� i!t

��

(B2)

with

�� �
2

�
r

R

�
2

Exact expressions for complex numbers � and B can be found in
[30]. They both depend on the Strouhal number S and the viscous
parameter � defined by

S� !R
vinj

�� S2

Reinj
(B3)

where vinj andReinj are the injection velocity and injection Reynolds
number, respectively.

Equation (B2) is complex to handle. Moreover, we are only
interested in the combustion region, located in the vicinity of the
propellant surface. Hence, a simplification in the region r � R is
sufficient for the present purpose and Eq. (B2) is going to be
developed with respect to the small parameter "� 1 � r=R. In
addition, for practical applications, the ratio �=S is extremely small
because the flow is almost laminar in the viscous sublayer. In the
present case, S� 80 and �� 0:05 leading to �=S� 6 
 10�4. Under
this approximation, parameters � and B have simpler expressions
and read�� i�=S cos� andB� hvg�r�iwhere themean gas radial
velocity can be represented by the Culick mean flow model
hvg�r�i � �R=r sin�.

We now develop each term of Eq. (B2) with respect to the small
parameter "� 1 � r=R and, after a few algebra, this leads to the
following second-order approximation:

�u��u_
�
1 � �

2"2

2

�
exp

�
i

�
S"� �

2

S
"� S

2

2
"2
��
�O�"3� (B4)

Alternatively, noting that S� �2=S and retaining only first-order
terms, a much simpler form is obtained:

�u��u_ exp�iS"� �O�"2� (B5)

Second-order and first-order developments [Eqs. (B4) and (B5)]
have been validated by comparison with the original formulation
Eq. (B2) and they appear to be virtually identical provided that
" < 0:15 for second-order approximation Eq. (B4) and " < 0:08 for
first-order Eq. (B5). For the present computations, the combustion
thickness ecomb was about 22 mm giving "comb � ecomb=R� 0:04,
which easily fulfills the validity domain even for the first-order
approximation.

Thus, the first-order near-wall development of Flandro’s
formulation yields a simple and easy-to-use approximation for the
total unsteady axial velocity:

u0 � u_�1 � F� with F� exp�iS"� (B6)

The complex transfer function F can be seen as a modulation of
acoustic velocity due to vortical effects. Theoretical developments
on acoustic boundary layer assume a simple gas flow. But the present

flow is two phasewith combustion, large temperature gradients close
to the surface . . .etc., which could modify results on acoustic
boundary layers. As stressed by Flandro [42], additional work is
needed to properly evaluate these unsteady boundary effects when
two-phase mixing, particle interactions, and vaporization are
present. However, comparisons between CFD (e.g., Fig. 13) and
theory [Eq. (B2)] show that possible modifications remain limited,
meaning that vortical/acoustic interactions are little affected by those
side effects such as particles or combustion. This is coherent with the
computations from [44] where inert particles are shown not to
profoundly modify the acoustic boundary-layer development. This
could, however, be a potential cause of discrepancy on growth rate
calculations between stability integral and CFD results.
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